We analyze the temperature and doping dependence of the specific heat C(T ) in NaxCoO2. This material has a non-monotonic fermionic dispersion and is known to become magnetic at x ≥ 0.75. Before that, NaxCoO2 was conjectured to undergo a Lifshitz -type topological transition at x = xc = 0.62, in which a new electron Fermi pocket emerges at the Γ point, in addition to the existing hole pocket with large kF . The data [Y. Okamoto, A. Nishio, and Z. Hiroi, Phys. Rev. B 81, 12110(R) (2010)] show that near x = xc, the temperature dependence of C(T )/T at low T gets stronger as x approaches xc from below and then reverses the trend and changes sign at x ≥ xc. We argue that this behavior can be quantitatively explained within the spin-fluctuation theory. We show that magnetic fluctuations are enhanced near xc at momenta around kF and behave as weakly damped spin waves at x ≤ xc and as overdamped paramagnons at x > xc, when the new pocket forms. We demonstrate that this explains the temperature dependence of C(T )/T . At larger x the system enters a magnetic quantum critical regime where C(T )/T roughly scales as log T .
Introduction The layered cobaltates Na x CoO 2 have been the subject of intense studies in recent years due to their very rich phase diagram and associated rich physics [1] [2] [3] [4] [5] [6] [7] . Their structure is similar to that of copper oxides and consists of alternatively stacked layers of CoO 2 separated by sodium ions. The Co atoms form a triangular lattice 8 . The hydrated compound Na x CoO 2 :yH 2 O with x ∼ 0.3 shows superconductivity 9 , most likely of electronic origin. The anhydrated parent compound Na x CoO 2 exhibits low resistivity and thermal conductivity and high thermopower 1,2 for 0.5 < x < 0.9 and magnetic order for 0.75 < x < 0.9 (Refs. 6, 7, 10, 11) . In the paramagnetic phase Na x CoO 2 shows a conventional metallic behavior at x ≤ 0.6 and at larger x displays strong temperature dependence of both spin susceptibility and specific heat down to very low T . This change of behavior has been attributed 12 to a putative Lifshitz-type topological transition 13 (LTT) at x c ≈ 0.62, in which a small three-dimensional (3D) electron Fermi pocket appears around k = 0, in addition to the already existing quasi-2D hole pocket with large k F 1 (Ref. 14) , see Fig. 1 . Although the small pocket has not yet been observed directly, ARPES measurements at smaller x did find a local minimum in the quasiparticle dispersion at the Γ point 15 . Similar topological transitions have been either observed or proposed for several solid state [16] [17] [18] [19] [20] [21] [22] [23] and cold atom systems [24] , and the understanding of the role played by the interactions near the LTT transition is of rather general interest to condensed matter and cold atoms communities.
The subject of this paper is the analysis of interaction contributions to the specific heat C(T ) in Na x CoO 2 at around the critical x c for LTT. The experimental data 12 show that for doping near x c , the temperature dependence of C(T )/T is more complex than the C(T )/T = γ 1 + γ 3 T 2 + O(T 4 ) expected in an ordinary Fermi liquid (FL). The FL behavior it- self is not broken in the sense that γ 1 remains finite. However the T dependence at x = x c is stronger than T 2 , as evidenced by the fact that the fits of the data on C(T )/T to γ 1 + γ 3 T 2 behavior 12 in finite intervals around different T yield larger γ 3 as T goes down (Figs. 2g,h ). The doping dependence of γ 3 is, nevertheless, similar in different T -ranges and displays a sharp maximum near x c . The term γ 1 weakly depends on doping at x < x c and increases at x > x c , roughly as (x − x c ) 1/2 , consistent with the appearance of a small 3D Fermi surface (FS) (Figs.2d,e) . At larger T , the data show that, to a good approximation, C(T )/T ∝ log T , see Fig. 2f , and this behavior stretches to progressively smaller x (Ref. 3) as the system approaches a magnetic transition at x ≈ 0.75 (Refs. 6, 7, 10, 11) .
Some qualitative features of the experimental data of C(T ) at x ∼ x c are reproduced by the free-fermion arXiv:1409.0408v2 [cond-mat.str-el] 2 Sep 2014 formula for the specific heat, with the quasiparticle dispersion taken from first-principle calculations. In particular, γ 1 increases and γ 3 passes through a maximum when the 3D pocket opens up, see Fig.  2a . However, the magnitudes of γ 1 and γ 3 are much smaller than in the data, and the maximum in γ 3 is too shallow. A strong temperature dependence of C(T )/T may potentially come from phonons, but γ 3 due to phonons is highly unlikely to become singular at x = x c . This implies that the observed features of C(T ) are most likely caused by electronelectron interactions. Interactions with a small momentum transfer q give rise to linear in T dependence of C(T )/T in 2D due to non-analyticity associated with the Landau damping 26 . That a linear in T term has not been observed in Na x CoO 2 near x c implies that small-q fluctuations are weak near this doping 27 . Interactions with a finite momentum transfer q ≈ k F 1 are expected to be strong and sensitive to the opening of a new piece of electron FS as the static fermionic polarization operator Π(k F 1 ) gets enhanced as x approaches x c . An enhancement of Π(k F 1 ) generally implies that spin fluctuations at k F 1 get softer and mediate fermion-fermion interaction at low energies 27 .
The spin-fluctuation contribution to γ 3 has been analyzed before for systems with a single FS 31 . In this situation, the sign of γ 3 is negative, i.e., opposite to the one in Na x CoO 2 at x = x c . This negative sign traces back to the fact that, for a single branch of low-energy fermions, spin-fluctuations are overdamped paramagnons whose dynamical spin susceptibility χ(ω) at relevant momenta obeys χ −1 (ω) ∝ ξ −2 +bω 2 −iγω, with b > 0. We show that in our case the situation at x ≤ x c is different and b turns out to be negative, i.e. the dynamical magnetic susceptibility resembles the one for damped spin-waves 40 rather than overdamped paramagnons. We find that b increases and diverges as the system approaches the LTT. This, we show, gives rise to a positive γ 3 and its divergence at x = x c . We further show that at x > x c , when a Γ-centered pocket forms, b rapidly decreases, changes sign, and becomes negative, like in a system with a single FS 31 . We argue that this behavior is fully consistent with the data.
At higher T , when the temperature exceeds the scale ξ −2 /m, the system enters into a quantumcritical regime. We found that in this regime, the specific heat can be well fitted by C(T )/T ∝ log T . The lower boundary of quantum-critical behavior extends to lower T as x increases towards the onset of a magnetic transition at x ≈ 0.75. This is again consistent with the experiment 3 which observed C(T )/T ∝ log T down to 0.1 K at x = 0.747.
The model. We follow earlier works 14, 32 and consider fermions with the tight-binding dispersion (k) on a triangular lattice with hopping up to second neighbors in xy plane and to nearest neighbors along z-direction 25 . The dispersion, shown in Fig. 1 , has a hole-like behavior at large momentum (∂ (k)/∂k < 0) and a minimum at the Γ point k = 0. At µ < 0, (x < x c = 0.62) the Fermi surface consists of a single quasi-2D hole pocket with large k F = k F 1 . As µ crosses zero and becomes positive, a new 3D Fermi pocket appears, centered at the Γ point (see Fig. 1 ). For the specific heat analysis at small |µ| we can approximate the dispersion near k = 0 by (k) = k 2 /(2m) + k 2 z /(2m z ) and approximate the large Fermi surface by an effectively 2D dispersion
x + k 2 y . C(T ) for free fermions. To set the stage for the analysis of interaction effects we first compute the specific heat for free fermions with non-monotonic dispersion (k). The grand canonical potential is given by
Evaluating the entropy S(T, µ, V ), extracting µ = µ(T, V ) from the condition on the number of particles and expanding
where ρ(µ) and its derivatives over µ are computed at T = 0. The low-T expansion in (2) is valid for T < |µ|. Analyzing (2), we find that for µ < 0, when there is no electron pocket, the T dependence comes from a large hole pocket and is non-singular and small. For µ > 0, the electron pocket appears with ρ(µ) ∝ √ µθ(µ). This gives rise to negative γ 3 , which diverges at small µ as 1/µ 3/2 . At µ = 0 the analytic expansion in powers of T 2 doesn't work even at the lowest T . We found 33 that in this case
The same behavior holds at a finite µ, when T > |µ|.
Observe that the prefactor for √ T term is positive, opposite to that of T 2 /µ 3/2 term. This implies that the temperature dependence of C(T )/T changes sign at some positive µ. The actual T dependence of C(T )/T , obtained without expanding in T , is presented in Fig. 2a , and γ 1 and γ 3 extracted from fitting this C(T )/T by γ 1 + γ 3 T 2 in different windows of T are shown in Figs. 2d-h. We see that γ 3 indeed depends on where the T window is set and, as a function of doping, changes sign at some x > x c , i.e., at some positive µ, as expected.
Interaction contribution to C(T ). At a qualitative level, the free-fermion formula for C(T ) is consistent with the data. At the quantitative level, it strongly differs from the measured C(T ), even if we would use a renormalized dispersion with larger effective density of states. To see the inconsistency, we compare in Fig.2 the theoretical and experimental doping dependence of C(T ) and particularly the values of γ 1 and γ 3 fitted over various temperature ranges. We see that the magnitude of C(T )/T for free fermions and the strength of doping variation of γ 3 , extracted from it, is much smaller than in the data. These discrepancies call for the analysis of interaction contributions to C(T ).
A fully renormalized fermion-fermion interaction can be decomposed into effective interactions in the charge and in the spin channel. For systems with screened Coulomb repulsion, the effective interaction in the spin channel get enhanced and, if the system is reasonably close to a Stoner instability, can be viewed as mediated by spin fluctuations. Na x CoO 2 does develop a magnetic order at x > 0.75 6,7,10,11 , and it seems reasonable to expect that magnetic fluctuations develop already at x ≈ x c .
The spin-fluctuation contribution to the thermodynamic potential is given by 31, 34, 35 
where Ω 0 is the free-fermion part, n B is the Bose function, and χ(q, ω) is fully renormalized dynamical spin susceptibility. To obtain χ(q, ω) we use the same strategy as in earlier works 36, 37 : compute first the static spin susceptibility χ 0 (q, ω = 0) of free fermions, then collect RPA-type renormalization and convert χ 0 (q, ω = 0) into full static χ(q, ω = 0), and then compute the bosonic self-energy coming from the interaction with low-energy fermions and obtain the full dynamical χ(q, ω) at low frequencies. The result is
where ξ is a magnetic correlation length, the last term is the Landau damping, and the sign of b determines whether spin-fluctuations are totally overdamped paramagnons (b > 0) or damped spin-waves 31) . In our case, we found 33 that at µ < 0 (i.e., at x ≤ x c ) b is negative and for |µ| > (q − k F 1 ) 2 /(2m) behaves as
where a 0 is of order of lattice spacing in XY plane. The negative sign of b and its scaling with 1/µ can be traced to the singularity in the derivative of density of states at LTT. In the same parameter range
where the second term is the contribution from the large hole pocket and a z is inter-layer spacing. The T 3 term in C(T ) at x < x c and small T < |µ| (when γ 31, 34, 35 . Evaluating both terms we obtain
The sign of γ 3 is determined by the sign of −4b − (γξ) 2 . Both γ and ξ remain finite as negative µ tends to zero, while b ∝ 1/µ increases and is negative. At small enough µ, 1/µ has to be replaced by −(2m)/(q − k F 1 )
2 . Typical q − k F 1 is of order ξ −1 , hence b saturates at the value of order ξ 2 (m 3 m z ) 1/2 /(m z a 0 v F 1 ). Extending Eqs. (6) and (7) to explicitly include (q−k F 1 ) 2 /(2m) along with µ (see ref. 33 ), we find that the ratio 4|b|/(γξ) 2 does not depend on ξ and equals 3πm z m 2 a 0 a 2 z v 3 F 1 . This ratio exceeds one for the dispersion we consider, hence γ 3 > 0. A positive γ 3 , which increases as x approaches x c from below, is precisely what the data show (see Figs. 2g,h ). At µ > 0 (x ≥ x c ), when the new pocket appears, b changes sign and becomes positive, like in a system with a single FS. Simultaneously, γ changes by a finite amount. The evolution occurs in the narrow range |µ| ≤ ξ −2 /(2m). As a result, γ 3 rapidly decreases as x increases above x c , changes sign and becomes negative. This is again consistent with the data.
At higher temperatures, we find that the system enters into a quantum-critical regime in which T exceeds the magnetic scale ξ −2 /m. In this regime, our calculations show that the typical (q − q 0 ) 2 /m becomes of order of temperature. The form of C(T )/T for at T ξ −2 /m depends on the effective dimensionality of spin fluctuations around q = q 0 . In our model assumptions, the dispersion of spin fluctuations near q = q 0 is effectively one-dimensional since it is independent on the direction of q in XY plane and on q z . In this case C(T )/T ∝ 1/ √ T . For effectively 2D dispersion, C(T )/T ∝ log T , and for 3D dispersion, C(T )/T remains finite. We find, however, that this behavior holds only at high T , while in the intermediate regime T > ∼ ξ 2 /m, C(T )/T can be well fitted by log T even for effectively 1D spin fluctuations [33] , see Fig. 2i . This explains an early appearance of log T regime in the data, Fig. 2f . As ξ increases at larger x, we expect that the lower boundary of log T behavior of C(T )/T stretches to progressively smaller T .
For quantitative comparison with the data we compute the dynamical part of particle-hole bubble without expanding in frequency and use (4) to compute the thermodynamic potential and the specific heat. To estimate ξ we use the experimental data for χ(0, 0)/γ 1 at x ≈ x c and our numerical RPA result for the prefactor for (q − q 0 ) 2 term in χ −1 (q, ω). Extracting ξ from these data we obtain ξ ≈ 7 in units of k −1 F 1 . For better comparison we subtract from the data the contribution from phonons γ 3ph ≈ 0.07mJK −4 mol −1 , which only weakly depends on doping 38 . The results are shown in Fig.  2 . We see that theoretical and experimental C(T ) agree quite well over a wide range of temperatures, and the agreement between γ 1 and γ 3 , extracted from the data and from spin-fluctuation theory, is also very good. We emphasize that the doping variation of γ 3 is not affected by the phonon contribution and thus measures solely the contribution to C(T ) from spin fluctuations. From this perspective, a good agreement with the data is an indication that magnetic fluctuations with large q = k F 1 are strong in Na x CoO 2 near the LTT. The log T behavior of C(T )/T , which we found at T ∼ 3 − 10K for x ≈ 0.7 is also consistent with the data, see Figs.2f,i. Finally, we note that the experimental data on γ 1 , fitted at T ∼ 10K, show a small discontinuity as a function of doping, Figs.2d,e, which is expected if the LTT is first order, as recent theoretical analysis suggested 39 . The jump in µ is estimated to be 5 to 10 meV. When we take this into account, we obtain a sharper doping dependence of γ 3 , leading to an even better agreement with the data.
Conclusions.
In this work we analyze the specific heat in the layered cobaltate Na x CoO 2 . Near x = 0.62 the system exhibits a non-analytic temperature dependence and strong doping variation of the specific heat coefficient C(T )/T . We explain the data based on the idea that at x c = 0.62 the system undergoes a LTT in which a new electron pocket appears. We demonstrate that the non-analytic temperature dependence of C(T )/T at x = x c and its strong doping variation is quantitatively reproduced assuming that the interaction is mediated by spin fluctuations peaked at the wave-vector which connects the original and the emerging Fermi surfaces. The theory also explains the observed 3,12 log T behavior of C(T )/T at larger T .
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Supplementry material
Magnetic susceptibility.
We follow earlier works 36 and assume that the static magnetic susceptibility and regular part of its frequency dependence are governed by high-energy processes, which we cannot control, while the Landau damping term and the singular part of ω 2 term come from fermions with low energies and can be obtained within lowenergy spin-fermion model. Accordingly, we incorporate contributions from high-energy fermions to static susceptibility into a tunable "magnetic correlation length" parameter, neglect regular ω 2 contribution and focus on particle-hole contributions confined to low fermionic energies.
The free-fermion susceptibility χ 1 coming from the large cylindrical Fermi-surface (FS) is a 2D Lindhard function:
Where a z is inter-layer lattice spacing. This χ 1 does not carry any interesting frequency and chemical potential dependence. On the contrary, the susceptibility χ 12 (q, ω), coming from the particle-hole processes with total momentum q ≈ k F 1 , has non-trivial ω and µ dependencies. We take the momenta q to be near the distance between Fermi momentum for the hole FS and Γ point where electron FS emerges for x > x c , i.e., consider q = k F 1 +q and assumeq to be small. Because k F 2 for the electron pocket is either zero (x < x c ) or very small (x > x c ), we are dealing with a special case when the frequency may exceed the Fermi energy of the small pocket. This gives rise to non-linear frequency dependence of the imaginary part of the susceptibility at q ≈ k F 1 . To simplify the discussion, we approximate hole dispersion as purely two-dimensional and approximate the dispersion near Γ as 3D parabola. Evaluating the imaginary part of the particle-hole bubble involving holelike and electron-like excitations, we obtain
Here S is the area in the k y , k z plane, where
This area is a ring for |ω| < µ −q 2 /(2m) ≡μ and an ellipse otherwise; the ellipse shrinks to an empty set ifμ + |ω| < 0. In explicit form
whereμ = µ −q 2 /(2m). Analyzing S(ω,q = 0) we find that it has a linear frequency dependence at the lowest frequencies at µ > 0, when small pocket is present, then there is a cusp at ω = µ, and then another linear dependence, with twice smaller slope. For µ < 0, when there is no pocket but the dispersion has a local minimum of at Γ, the slope is zero at ω < −µ and becomes finite only after the cusp at −µ, see Fig.3 . At a nonzeroq the results are the same as atq = 0 if one replaces µ byμ.
The frequency-dependent part of Reχ 12 (q, ω) can be computed from Kramers-Kronig transformation. The second frequency derivative of the imaginary part is just a delta-function at the cusp, so, it is easy to compute the second frequency derivative of the real part:
This expression is singular at frequencies ω = ±μ, see Fig. 3 . It is essential for our analysis that ∂ 2 ω Reχ N (ω) > 0 forμ < 0 and that it diverges wheñ µ → 0. Integrating Eq. (13) over ω we obtain the full analytic expression for frequency dependence of susceptibility:
We present the result in Fig. 3 . Observe that at q = ±k F 2 , we haveμ = 0, and the singularity in χ 12 (ω) is located at zero frequency. The static part
has non-universal high energy contributions which have to be computed numerically and are included into the correlation length in our calculation. The parameter a 0 is of the order of the lattice spacing in XY plane.
Temperature expansion of the specific heat. At low temperatures, when |ω| < |µ| and T < µ, we can expand the full free-particle susceptibility χ 0 (q, ω) = χ 1 (q, ω) + χ 12 (q, ω) in frequency as From eqs. (9, 14) we extract:
The full RPA magnetic susceptibility χ(q, ω)
where
, and
and
The spin-fluctuation contribution to grand thermodynamic potential is 31 :
We assume that χ(q, ω) does not explicitly depend on T . In this approximation the temperature dependence comes from n B (ω, T ), however the form of temperature dependence of Ω int depends on the frequency dependence of χ(q, ω). Expanding the integrand in frequency and differentiating Ω int over T we obtain the temperature expansion of the interaction contribution to the entropy S = −∂Ω int /∂T .
The momentum integral is peaked at q = q 0 ≈ k F 1 and we assume it to be cylindrically symmetric (the actual dispersion suggests that q z = π may be more important than other values of q z , but this only changes the overall prefactor). Extracting C(T ) from the entropy we obtain C(T ) = T γ 1 + T 3 γ 3 , where
These expressions we used in the main text. Specific heat of free fermions for |µ| T . Let us fix x = x c , so that µ(T = 0) = 0. The 3D pocket produces a singularity in the density of states:
where in our case B =
. The grand canonical potential is Ω = − ρ(e)n F ((e − µ)/T )de, whereρ( ) = ρ(e)de. Then the entropy 
This expansion is valid for moderate temperatures, where A √ T B, then, indeed µ/T 1, the actual expansion parameter is A √ T /B. For the specific heat we obtain C/T = π If the small pocket and the large pocket have parts with matching curvatures, the susceptibility will be strongly peaked at the momentum vector connecting them, which may result in spin density wave magnetic order. This is indeed what happens when the small pocket has grown sufficiently large at x > 0.75 14, 32 . For smaller doping, the nesting is not good enough for magnetic order, but magnetic correlation length ξ is nevertheless large. When T ξ and T µ, a regular Fermi-liquid expansion of C(T )/T in powers of T 2 works. When T µ, this expansion does not hold. This temperature regime is relevant to the description of the behavior of C(T )/T at intermediate T at x near x = x c = 0.62 and down to quite low T ∼ 0.1K at x ≈ 0.747 (Ref. 3) , which is very close to x=0.75 at which ξ = ∞. The fact that critical behavior extends to such low temperatures is remarkable.
For analytic estimate, we set ω to be of order T and using earlier results obtain C(T ) ∼ − dq Im(log(ξ −2 +q 2 − iBω − χ 12 (q, ω)) ω≈T (29) where B comes solely from the large hole Fermi surface and χ 12 ≈ Aiω θ( √ 2mµ − |q|). When T > ξ −2 /(A + B), the system is in the critical region. Deep in this regime, the specific heat behaves as
This result holds when we treat bosonic dispersion near |q| = q 0 as independent on q z and invariant with respect to rotations in XY plane. If we include lattice effects, the singularity gets weaker. We found, however, that, even in the rotationally-invariant case, the 1/ √ T dependence of C(T )/T holds only at very high T , while in a wide range of temperatures the function Im( √ a + iT )/T can be well approximated numerically by (0.44 − 0.095 log T a )/ √ a. This behavior holds at a < ∼ T < ∼ 40a. This is somewhat similar to the situation with the self-energy in the spin-fermion model at the antiferromagnetic quantum-critical point, n where Σ(ω) is supposed to behave as √ ω at the lowest ω, but numerically can be well approximated by a linear function of ω i a wide range of frequencies 36 . In the main text we used the approximate theoretical formula C(T )/T ∝ log T to fit to the experimental data.
